Abstract: This paper presents the results of the experimental modal analysis of a wing structure along with the derivation of full mass, damping and stiffness matrices from modal parameters. Using the derived matrices, the natural frequencies of the structure were computed and compared with the experimentally determined ones. Very good correlation was found, which confirms the validity of the method.
INTRODUCTION
The specialized systems for experimental modal analysis do not usually provide mass, stiffness and damping matrices in spatial coordinates but the ones in the modal space. While the modal matrices are very useful in a large number of engineering applications, there are cases in which matrices in spatial coordinates are preferred. Such a case is the active control of aeroelastic oscillations and flutter phenomena in which it would be difficult to express the aerodynamic forces in the modal space. To avoid such complications and to use the measured modal data, a method of deriving these matrices in spatial coordinates from the ones in modal space is needed. Such a method is well presented in [2] and is applied in our study on experimental modal data obtained for a model wing aimed for flutter control experiments in aerodynamic wind tunnel.
More than the derivation of mass, stiffness and damping matrices in spatial coordinates from modal data, this paper aims to validate the obtained matrices. To accomplish that, the natural frequencies of the free undamped wing structure are computed by using the derived mass and stiffness matrices. Very good correlation is found between the computed and the experimentally determined natural frequencies.
EQUIPMENT USED AND TEST CONFIGURATION
The Prodera installation is a modal analysis equipment that uses up to 16 unidirectional accelerometers simultaneously to determine the vibration parameters of a structure. Its software features pre, real-time and post processing tools that allow to prepare and perform impulse and harmonic vibration tests and to calculate modal parameters using specific methods (power complex method, quadrature method). This system also provides graphical representation during and after tests. The equipment is pictured in Fig. 1 with a general view of the data acquisition, control and computing cabinet in (a) and electromechanical shaker connected to the test specimen in (b).
The studied structure is a model wing developed in the frame of a research project for active control of flutter phenomena. The wing has a 1.2m span, a 0.3m chord and is equipped with a piezoelectric-actuated control surface. For the purpose of the vibration test, the control surface has been blocked in the neutral position. The wing has been mounted vertically by clamping it to a very rigid steel base on the ground and excited with an electromechanic shaker mounted in the horizontal direction, as detailed in Fig.1 (b) . The wing structure is instrumented with 11 acceleration transducers which are positioned on the wing surface according to Fig. 2 Transducer 11 and Shaker
TEST PROCEDURE AND RESULTS
The experimental procedure aimed to identify the modal parameters of the wing structure in three phases, based on phase excitation technique.
Firstly, the structure has been excited from 0 to 50Hz with a 0.1Hz step, and a stabilizing time of 10 seconds. The mode indicator function (MIF), which is based on the fact that at resonance real part of the FRF is zero, was applied on the acquired data. This provided a general view of the number and location of natural frequencies in the interest range 0-50Hz.
Secondly, the structure has been excited around each of these frequencies, in separate tests, in a narrow range (+/-0.3Hz), with a step of 0.001Hz, and adequate force excitation and stabilizing time. The mode indicator function has been again applied to accurately identify the natural frequencies.
The third phase was mainly automated and consisted in the excitation of the structure around each natural frequency with automatically selected range, step and other parameters. The methods used by Prodera [1] were: automatic complex power (computes natural frequency, modal damping, mass and stiffness associated to the studied mode), automatic logarithmic decrement (computes modal damping), readout of the mode shape (computes mode shape), and phase index (computes the real and imaginary part of the acceleration for the selected frequency).
The test results used for the purpose of this paper are presented in table 2. The mode shapes are graphically represented in Fig.3 . The modal mass, damping and stiffness matrices are assembled in tables 3, 4 and 5. 
DERIVATION OF [M], [C], [K] MATRICES FROM EXPERIMENTAL MODAL DATA
Once a set of modal data has been measured for the wing structure, it is possible to compute the full mass, stiffness and damping matrices (matrices in spatial coordinates). Formulas derived from the relationship between the time domain differential equations of motion and the transfer function matrix model of the structure are provided in [2] :
where 
The direct use of these equations is prohibitively difficult, especially when using experimental modal data, since the mode shape matrix    is usually not square (in our case is 11x5).
To overcome this problem, an assumption can be made [2] : if the mode shape vectors are assured to be orthogonal with respect to one another (and are also normalized to unit magnitudes), then the mode shape matrix has the following properties:
To take advantage of this properties we used classical Gram-Schmidt algorithm to ortonormalize the mode shape matrix of the wing structure. The result is presented in the next table. 
Because the inverse of the mode shape matrix is now equal to its transpose, the formulas for full mass, stiffness and damping matrices are straightforward [2] :
The resulted matrices are presented in tables 7, 8 and 9: 
VALIDATION OF [M], [C], [K] MATRICES
In absence of damping and external load, the equation of motion in matrix form for a given structure is [3] :
which, for solving, we assume a harmonic solution of the form:
Through differentiation and substitution in equation 10, the following is obtained:
which after simplifying becomes:
This reduces to an eigenvalue problem of the basic form:
By solving the eigenvalues problem we find the eigenvalues and eigenvectors associated to the structure. The i th eigenvalue i  is related to the i th natural frequency i f as follows:
The natural frequencies i f have been computed using mass [M] and stiffness [K] matrices, previously derived for the wing structure, and the results are presented in the next table along with the experimentally determined frequencies. Very good correlation is found. 
CONCLUSIONS
The experimentally determined frequencies are all found through the numerical procedure with very good accuracy. This confirms that [M] and [K] matrices accurately describe the wing structure (up to the fifth vibration mode). This also confirms that [C] matrix, which was neglected in equation 10, is indeed negligible, in line with the small values presented in table 8.
As can be seen in table 10, the computed frequencies no. 3,4,6,7,9 and 11 do not have correspondence in the set of experimental frequencies. The experimental modal analysis was performed in a very accurate manner and no other natural frequency has been found between the experimental frequencies listed above. The values of these additional (computed) frequencies vary with the quality of the mode shape matrix orthonormalization (for example by using classical Gram-Schmidt or modified Gram-Schmidt methods) and are a direct consequence of constructing 11x11 mass, stiffness and damping matrices from experimental modal data gathered from only 5 modes of vibration.
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